We study a four-dimensional (4D) acoustic higher-order topological insulator and exploit it for unprecedented manipulations of real-space topological corner modes (TCMs). Our system contains two spatial and two synthetic dimensions. This 4D higher-order topological system sustains (4-2)dimensional topological surface modes that live on the plane of synthetic dimensions. When the synthetic coordinates are fixed, these higher-order topological modes become the TCMs in the real space, making them fundamentally different from those observed in second-order topological insulators. Our system can also be understood as a two-dimensional commensurate Aubry-Andre-Harper model, wherein the modulation phase factors constitute the two synthetic dimensions. Using this approach, we demonstrate two phenomena with acoustic experiments: a TCM as a separable bound state in a continuum and the realization of multiple corner modes in one corner.
2
Topological phase is an important development and an unexplored freedom of traditional band theories 1, 2 . It describes global properties of wavefunctions over an entire band therefore is resilient against local perturbation. The universality of topological phases is exemplified in a wide variety of systems in which they can arise, such as solid-state electronic systems 1,2 , photonics 3, 4 , acoustics and mechanics 5, 6 . While the study of topological phases mostly involves spatial dimensions, it has been shown that they can also arise in parameter space that is spanned by both spatial and synthetic dimensions [7] [8] [9] [10] [11] [12] [13] . A notable example is the realization of the Hofstadter butterfly, which was originally proposed in a two-dimensional (2D) square lattice, in a 1D system by introducing one additional synthetic dimension 14 . Weyl points, which are widely studied in 3D periodic systems, have also been demonstrated using a system with one spatial and two synthetic dimensions 15, 16 . It is even possible to investigate systems that go beyond 3D, with the 4D quantum Hall effect being an important example 8, 17, 18 .
On the other hand, recent studies have revealed a new class of "higher-order topological insulators" (HOTIs), which refer to a d-dimensional topologically non-trivial system that can sustain (d-n)dimensional boundary modes, with n > 1 [19] [20] [21] [22] [23] [24] [25] [26] . For example, 0D topological corner modes (TCMs) can be found in 2D systems. Although the studies of HOTIs have led to several important developments, thus far they have mostly relied on the analysis of bulk band topology and Wannier centers [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , which are challenging to compute using real-space wavefunctions. Moreover, these approaches do not offer generic insights in how to achieve and tune the higher-order topological modes from a design perspective.
In this work, we study a 4D topological system 35 with two spatial dimensions and two synthetic dimensions. In the two spatial dimensions, our system can be understood as a 2D commensurate 3 Aubry-Andre-Harper (AAH) model, wherein every onsite eigenfrequency is modulated according to a specific function that possesses two independent phase factors. These modulation phase factors impose the two synthetic dimensions. The system can sustain (4-2)-dimensional higher-order topological surface states that live on the plane of the two synthetic dimensions. We show that by fixing the synthetic coordinates, the topological surface states manifest as 0D TCMs in the real space. The TCMs in our systems are thus fundamentally different from previously reported cases [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . This new perspective leads to striking capability for realizing TCMs and for manipulating their frequencies, locations, and number. We demonstrate such capability by the unprecedented realization two of novel types of TCMs, one is a "separable bound state in a continuum (BIC)" 36 , and the other is the realization of multiple TCMs in one corner. All our findings are validated using acoustic experiments.
Results.
1D AAH model in acoustics. We begin by illustrating our idea from a 1D chain of identical atoms in the x-direction, each coupled to its nearest neighbor with hopping ( Fig. 1(a) ). The atomic chain is described by a tight-binding model (Eq. (1)) ̂= ∑ ( | ⟩⟨ |+ | ⟩⟨ + 1|+ | + 1⟩⟨ |), (1) where | ⟩ is the Dirac ket for site-, is the hopping constant. We enforce a modulation to the onsite eigenfrequency ( ) = 0 + cos(2 + ),
where is the amplitude of onsite potentials, and is the modulation frequency. Note that the 4 modulation has a phase factor . This can be regarded as a pseudo-momentum, which constitutes a synthetic dimension in our system 9 . (See the Supplementary Information for a proof.) In other words, the eigenfrequency is a function of . Here, we set / = 1.9 and = 1/3 . The system is thus a commensurate AAH model ( Fig. 1(a) ).
The AAH model can be realized using coupled acoustic cavities, which are a proven platform for realizing tight-binding models 37, 38 . We investigate a finite chain with 11 identical cavities, each with an initial height ℎ 0 = 90 mm and a radius = 12 mm. Each cavity is sequentially connected to its nearest neighbor at the top by a tube that has a square cross section with a side = 9 mm. The outcome is a periodic cavity chain with a lattice constant = 40 mm. The system is shown schematically in Fig.1 (b) . We use the fundamental cavity mode with an eigenfrequency 0 as the onsite orbital, which has pressure variation only along the axial direction ( Fig. 1(b) ). The modulation (Eq. (2)) can therefore be implemented by tuning the cavity's height. Finite-element simulations show that the system can sustain three bulk bands area and up to two topological boundary modes 39, 40 . These are plotted in Fig   1 (c) as functions of . We hence categorize the eigenmodes of the 1D acoustic AAH system into bulk modes | ⟩ and boundary modes | ⟩. The eigenfields of two boundary modes (labeled and in Fig. 1 (c)) are shown in Fig. 1(d) . Moreover, we note that the acoustic system also has boundary modes in the bandgap below the first bulk band. We mark four boundary modes in Fig. 1(c) , which are used in later discussions.
The topological nontrivial nature of the acoustic AAH system can be confirmed by calculating the 
where, , label the sites, and are the modulation frequencies in the and direction, and , are the respective modulation phases. Note that Eq. (3) implies that the modulation in the x and y directions are mutually independent. Underlain by such separability in the modulation function, 6 and constitute the two orthogonal dimensions. It also suggests that , , , can be independently tuned, which we will later explore. The system can be described by a tight-binding
where | , ⟩ is the Dirac ket for site ( , ). From Eq. (4), it can be seen that a finite system with × sites can be constructed by orthogonally compounding two AAH chains. Mathematically, this is expressed as
where ( ) ( ( )) is the Hamiltonian of a 1D AAH chain in the x(y)-direction, is an -dimensional identity matrix, and ⨂ denotes the Kronecker product. In this formalism, the eigenmodes of ( , ) are Kronecker products of the eigenmodes of constituent 1D AAH chains as | ⟩ ⊗ | ⟩. This leads to three eigenmode formation rules for the 2D system 18 :
(i) 2D bulk modes are the product of 1D bulk modes in both and , i. e., | 2 ⟩ = | ⟩ ⊗ | ⟩;
(ii) Topological edge modes (TEMs), if any, are the product of bulk modes and boundary modes of
(iii) 0D TCMs, if any, are composed of the product of two boundary modes of the 1D chains
Meanwhile, these operations suggest that the eigenfrequencies of the 2D modes are given by the Minkowski sum of the 1D modes. Therefore the bulk modes' eigenfrequencies are 2 = + 7 , the TEMs follow 2 = + or 2 = + , and the TCMs
Emergence of a 4D HOTI. Categorizing the eigenmodes in this way allows their easy identification from the 1D origins, thereby leading to a powerful recipe for designing TEMs and TCMs. It intimately ties the engineering of the system's eigenmodes to the two synthetic dimensions ( , ) . To demonstrate, we extend the 1D lattice to 2D and numerically investigate the eigenspectra of a finite acoustic system that is an 11×11 square lattice of cylindrical cavities. We set the modulation frequencies to be = = 1/3 and the modulation amplitudes = = 1.9 . We rely on the fundamental cavity mode as the onsite orbital and the modulation , ( , ) can therefore be implemented by adjusting the height of each cavity, which effectively provide a way to tune the system in ( , ).
We where I, II, III, IV label the four corners as shown in Fig. 2(a) .
As mentioned, the system has five bands separated by four bandgaps in the two reciprocal dimensions. Meanwhile, in the 4D pseudo-momentum space spanned by ( , , , ) , it is straightforward to verify that these bandgaps do not close. The topological properties of the isolated bands in the 4D can be described by the second Chern numbers 35 , which is given by
wherein is the projection matrix of the isolated bulk bands, is an antisymmetric tensor of rank 4 and ≡ ( , , , ) represents the system's four dimensions consisting of two reciprocal dimensions , and two synthetic dimensions , . In addition, the second Chern numbers for 4D bandgaps, denoted ℂ , can be obtained by adding the ℂ of all the bands below that gap. We find for the four bandgaps ℂ = (1, −3, 3, 1) , respectively. From the bulk-surface correspondence 35 , a nonzero second Chern number implies the existence of (4-1)-dimensional topological boundary modes.
These modes become the TEMs observed in the 2D lattice, which is determined by fixing the two synthetic dimensions at a specific point ( , ).
Meanwhile, viewed in 4D, the TCMs are in fact a single point of the (4-2)-dimensional higherorder topological surface modes that live on the -plane. Eqs. (4, 5) are informative that the 4D 9 system is separable to two sub-systems defined in ( , ) and ( , ) . It follows that we can establish a link between the first Chern numbers , and the higher-order topological surface modes in 4D, thereby also labeling the TCMs in 2D. In other words, the TCMs are protected by a nonzero combination topological index ≡ ( , ). This relation can also be seen from the eigenmode formation rules, which require the existence of topological boundary modes in both the xand y-directions 1D AAH sub-systems for the TCMs to emerge in the 2D system. It follows naturally that the gap Chern numbers and must both be nonzero. More discussions on the second Chern number and the relation between the first Chern number and TCMs are presented in the Supplementary Information. Experimental validations. We have performed acoustic experiment to verify this finding. The acoustic cavity system previously described is machined from a block of aluminum and is filled with 10 air, as shown in Fig. 2(a) . We set the height of all cavities to the same value of 120 . We experimentally implemented the two synthetic dimensions, which modulated the onsite eigenfrequencies, by tuning the height of each cavity. This was done by injecting a specific volumn of water into each cavity 41 .
Our measured results are shown in Fig. 3 , which confirms all predictions. In Fig. 3(a) , we schematically label the edges and corners using colors and tags. First, we drive the system with a loudspeaker at the center to excite the bulk modes. The measured response spectrum is shown in Fig   3(b) as a gray-shaded region. Five separate regions of high-pressure response are clearly observed. We further raster-map out the pressure response of all cavities at 2278 and 2538 Hz (marked by 1 , 2 ), as shown in Fig. 3(c) . Clearly, these are the bulk modes. Next, we identify that the system contains two kinds of TEMs, respectively marked by cyan and orange in the figure. We excite the system at the corresponding edges and measure their response spectra, which are shown in Fig. 3(b) . Three peaks are seen for both edges A, B (cyan) and edges C, D (orange), which are consistent with our prediction as well as the simulation results in Fig. 2(c) . The corner responses are also measured, and the results are plotted in Fig. 3(b) . When the source is placed at the corner, we observe only one sharp resonant peak. Spatial pressure maps at each peak frequency further confirm that these modes are strongly localized at the corner and decay rapidly into the bulk (Fig. 3(e) ). We note that the states at corners II and IV are ideally degenerate, owing to the system's mirror symmetry M = (along x=y). In the measured results, the two corresponding resonant peaks are slightly mismatched in frequency ( Fig.   3(b) ). We attribute such discrepancy to experimental errors, which may cause , to deviate from the ideal value. .) We take advantage of such freedom and tune the two to overlap to form a bound state in a continuum (BIC). In Fig. 2(c) , we observe the existence of such BIC near ( , ) = (−0.78 , −0.78 ), which is marked by a blue arrow. From our formation rules, we can also identify the location of this mode to be corner III.
We tune the acoustic system to this parameter point by adjusting the amount water in each cavity. Fig. 4(b) shows the pressure response spectra of this case. When the excitation is at corner III, one single response peak is seen at = 2060 Hz (red curve). This peak spectrally overlaps with the second bulk band (gray regions). We then place the source at corner III to excite at and obtain the field maps. A highly localized corner mode is clearly seen (Fig. 4(c) ). In contrast, bulk modes are excited at the same frequency when the source is in the center (Fig. 4(d) ) or at corner I ( Fig. 4(e) ).
These results unambiguously show that the mode at corner III at is a localized mode that overlaps spatially and spectrally with bulk modes, i. e., a BIC. Clearly, this BIC owes its existence to the separability of the Hamiltonian in the two real dimensions (Eq. (5)), making it a "separable BIC" 36, 42 . This is fundamentally distinctive from existing types of BIC induced by symmetry mismatch 43 or destructive interference of multiple interacting channels 44, 45 . has one TCM at corner III, which is marked )y the red dot ()) When excited at corner III, the response has a single peak at = 2060Hz, which overlaps with the second )ulk )and The )ulk responses are o)tained )y exciting the system in the )ulk and are plotted as the gray region (c) The spatial field map at when the source is at corner III A highly localized corner mode is seen (d) Excited at )y a source at the center, extended modes occupying the entire )ulk is seen (e) In comparison, when the system is pumped at )y a source placed at corner I, the field map indicates extended modes Multiple topological corner modes. In addition to the abovementioned realizations of TCMs, here we show the way to realize multiple TCMs in one corner. To achieve this, we again rely on the separability of the Hamiltonian (Eqs. (5, 6) ), which holds extra degrees of freedom in the modulation frequency and amplitude.
Returning to Eq. (3), we set = 1/6 , = 2 while keeping = 1/3 , = 1.9 . In other words, the 1D AAH chains in the x-direction are now modulated differently. Its eigenspectra are shown 14 in Fig. 5(a) as functions of the . Note that = 1/6 implies that each unit cell has six sites.
Consequently, six bulk bands are seen. Gap Chern numbers can be calculated for all gaps except the third one, which closes at certain values of . These gap-closing points can be easily lifted when the system is finite or when small perturbations to onsite eigenfrequencies are present. Nevertheless, these effects do not significantly affect the boundary modes. We focus our attention on = −0.6 , at which the 1D chain has five boundary modes in total, two at the right end and three at the left end. Such a large number of boundary modes is the key to the realization of our target. (See Supplemental
Information for a discussion of these boundary modes.) It is also worth noting that a large Chern number = 2 is found for the second gap and = −2 for the fourth gap, implying a total of four boundary modes are present in these two gaps 46 .
Next, we compound the modified x-direction AAH chains with the y-direction AAH chains ( = 1/3, = 1.9 ) to build the 2D system, and analyze the point ( , ) = (−0.6 , −0.28 ). As the 1D chains in the y-direction each have only one boundary mode ( Fig. 1(c) ), with its location now chosen as the upper edge, we expect a total of five TCMs in this system, i. e., three localized at corner II and two localized at corner III. These are shown in Fig. 5(b) .
We validate these findings in our acoustic system. Our results show strong evidence for the existence of all five TCMs. Three / two resonant peaks are clearly seen when the system is excited at corner II / III ( Fig. 5(b) ). The field distributions at the peak frequencies ( Fig. 5(c 
Discussion.
The TCMs in our system are fundamentally different from the ones reported previously. TCMs are typically the consequences of quantized polarizations of a certain type which result in non-zero corner charges. In contrast, the TCMs in our system can be regarded as a single point on the (4-2)-dimensional topological surface states. Relying on the rich degrees of freedom offered by the synthetic dimensions, our recipe is an entirely different approach to higher-order topological boundary modes. It bypasses 16 the concept of quantized polarizations and does not require the computation of Wannier bands, which brings significant conveniences for practical use. Our approach also offers unprecedented versatility in design the frequency, location, and even the number of TCMs. Such versatility not only leads to the realization of HOTIs but also a diversity of phenomena including a TCM as a separable BIC and multiple TCMs at a single corner. To further demonstrate the flexibility offered by considering HOTI in 4D, two additional distinctive cases are presented in the Supplementary Information.
In conclusion, we have demonstrated with both theory and acoustic experiments a powerful recipe that brings unprecedented capabilities for tailoring higher-order topological modes. Our work not only enriches the fundamental understanding of HOTIs and synthetic dimensions but also greatly expands the capability of designing and tuning HOTIs by offering both a powerful theoretical framework and a experimental platform. Such capabilities rely on the use of two synthetic dimensions. The recipe demonstrated in this paper is general and can be adapted for other types of waves, such as mechanical and photonic systems. We can also expect rich phenomena to be discovered by the clever design of the modulation functions or by using other types of topologically nontrivial models. It can also be useful for building systems in even higher dimensions.
Methods
Experimental details. The coupled acoustic cavity system ( Fig. 2(a) ) was precision-machined from a block of aluminum. The lattice constant is = 40 mm . All cavities have a radius = 12 mm and a height ℎ = 120 mm, and all tubes have a square cross-section with a side length = 9 mm. An aluminum plate was fixed on the block to seal the cavities and the coupling tubes. The top of each cavity has an opening port, which is used for excitation or measurement. The ports are blocked by plugs when not in use. For the measurement of the pressure response spectra, we used a waveform generator (Keysight 33500B) to send a short pulse covering 1,000 -3,000 Hz to drive a loudspeaker which was placed on top of a chosen cavity. The response signals were received by a 1/4-inch microphone (PCB Piezotronics Model-378C10) and were then recorded by a digital oscilloscope (Keysight DSO2024A). The response spectra were then obtained by performing a fast Fourier transform on the transient signals. To obtain the sound field distribution, the measurement was repeated for each site. We then extract the data points at the frequencies of interest from the spectra. The results are normalized for each frequency.
Numerical simulations. The simulations were performed using the acoustic module in the finite-element solver COMSOL Multiphysics (v5.4). The band structures and eigenmodes were solved using the eigenfrequency study.
Parameters used in simulations are: the speed of sound = 343 m/s and the density of air is = 1.25 kg/m 3 .
The aluminum and water surfaces are regarded as hard walls in the simulations due to the large impedance mismatch with air.
